We propose a new 5d description of the circle-compactified 6d (D N +4 , D N +4 ) minimal conformal matter theory which can be approached by the 6d N = (1, 0) Sp(N ) gauge theory with N f = 2N + 8 flavors and one tensor multiplet. Compactifying the brane set-up for the 6d theory, we arrive at a 5-brane Tao diagram for 5d N = 1 SU (N + 2) theory of the vanishing Chern-Simons level with 2N + 8 flavors. We conjecture that the 6d theory is recovered as the UV fixed point of this 5d theory. We show that the global symmetry of this 5d theory is SO (4N + 16) identical to that of the 6d theory by analyzing the 7-brane monodromy. By using the Tao diagram, we also find the instanton fugacity is exactly given by the circle radius. By decoupling flavors in this 5d theory, one can obtain all the 5d SU (N +2) gauge theories of various Chern-Simons levels and corresponding enhanced global symmetries at the 5d UV fixed point.
Its coupling constant is proportional to the size of the compact circle and the strong coupling limit of the 5d theory would be the 6d theory. By decoupling flavors one by one from the 5d theory, one can realize 5d SU (2) gauge theories with N f < 8 flavors which have the 5d strongly coupled fixed point with enhanced E N f +1 global symmetry [24] [25] [26] .
There are old brane diagram arguments [27] , recent index calculations [28, 29] , and more recent related arguments to support this symmetry enhancement [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . The 5d SU (2) gauge theories have yet another realization as a (p, q) 5-brane web diagram. The SU (2) gauge theories with 0 ≤ N f ≤ 7 flavors have a usual web diagram realization [27, 47, 48] including diagrams suggested in [42, 49] . However, when the number of the flavors reaches eight, we need to consider a new class of the web diagram, so-called Tao web diagram introduced in [50] , which is given by 5-branes that infinitely expand in a spiral configuration. The appearance of the spiral is interpreted as the S 1 for the 6th dimension. An important characteristic of the Tao diagram is that its period of the spiral rotation is identified with the instanton factor of the theory.
From the point of view of the Tao diagram [50] , the rank of the gauge group is not limited and various Tao diagrams are possible including quiver gauge theories, which may reflect close connection of Tao diagrams to various 6d SCFTs. However, the relation between the classification of 6d SCFTs and the 5d theories realized by the Tao diagrams was not clear. In this paper, we argue that the SU (n) type Tao diagram can have a definite relation to 6d SCFTs. We identify its 6d origin and claim that it is the generalization of the correspondence between the 5d SU (2) gauge theory with 8 flavors and the (D 4 , D 4 ) minimal conformal matter on S 1 . Our main conjecture is that 5d SU (N +2) gauge theory with N f = 2N +8 flavors with the vanishing Chern-Simons (CS) level has the 6d UV fixed point which is the (D N +4 , D N +4 ) minimal conformal matter.
We also argue that the global symmetry at the fixed point is enhanced to SO(4N + 16).
Moreover, starting from the 5d SU (N + 2) gauge theory with N f = 2N + 8 and decoupling flavors one by one, it is again possible to construct all the 5d SU (N + 2)
gauge theories with the various CS level which have the 5d UV fixed point. The Tao diagram then reduces to a standard web diagram of (p, q) 5-branes. Bergman and Zafrir have already conjectured the existence of the UV fixed points for SU (N + 2) theories with N f ≤ 2N + 7 in [40] .
In the following, we summarize our idea and results. In Section 2, we consider two paths to support our conjecture. One way is to use the brane set up [51, 52] for the 6d
Sp(N ) gauge theory with N f = 2N + 8 fundamental hypermultiplets and a single tensor multiplet coupled to cancel the gauge anomaly [53, 54] by the Green-Schwarz mechanism 1 , which corresponds to the (D N +4 , D N +4 ) minimal conformal matter in the tensor branch.
After circle compactification with Wilson line breaking Sp(N ) to U (N ), we explain how we obtain 5d SU (N +2) gauge theory with 2N +8 fundamental hypermultiplets by brane dynamics. Another way is to use the description as the worldvolume theory on a single M5-brane probing the orbifold singularity C 2 /Γ D N +4 . Compactifying on S 1 the M5-brane would yield type IIA setup of a single D4-brane on the same singularity, and the resulting 5d theory is well-known to be associated with the affine D-type Dynkin quiver [9, 56] .
Here we propose a 5-brane web realization of this quiver theory and the S-dual of this is precisely the SU (N + 2) gauge theory with 2N + 8 flavors. We also show that the expected relation between the gauge couplings and the compactified radius is reproduced via Tao diagram.
In Section 3, we systematically study the global symmetry enhancement of the 5d SU (n) theory with N f ≤ 2n + 4 flavors. 2 We start from the brane web diagram for the 5d SU (n) theory with 2n + 4 flavors and remove the flavor multiplets one by one 1 The 6d theories with gauge group SU (2) and N f fundamental matter wit a tensor multiplet has an additional constraint on N f by the global anomaly cancellation due to π 6 (SU (2)) = Z 12 [55] . The acceptable number of flavors for the SU (2) gauge case is N f = 4, 10, 16. The 6d counter part for our 5d
SU (3) theory with N f = 10 is this 6d Sp(1) theory with N f = 10. 2 We use the notation n = N + 2 for convenience.
by making its mass infinite. Each removal generates the half integer Chern-Simons level whose sign depends on the sign of the mass term, leading to a class of 5d SU (n) κ theories with N f flavors 3 with constraint N f + 2|κ| ≤ 2n + 4. These 5d SU (n) κ theories with N f flavors with constraint N f + 2|κ| ≤ 2n + 4 have classically
global symmetry where U (1) B is the baryonic part of the flavor symmetry and U (1) I is the topological symmetry arising from the instanton numbers. These theories have an enhanced symmetry at the UV fixed point which is a subgroup of SO(4n + 8). We calculate enhanced symmetry for all of the SU (n) κ theories with flavors 2n ≤ N f ≤ 2n+4
and of the SU (3) κ theories with flavors N f + 2|κ| ≤ 10. Especially, we find that the
theory with N f = 2n + 3 flavors has SO(4n + 8) global symmetry which is identical to that of the 6d theory. This is a generalization of the 5d SU (2) theory with N f = 7 flavors having an enhanced E 8 global symmetry. Our result in Section 3 is consistent with a few cases found recently in [34, 40] , where the authors have studied the enhanced global symmetry for SU (n) n with N f = 0, the most cases of SU (3) κ with N f ≤ 8. We enclose all cases for the completeness.
As summarized above, we provide several evidences for our conjecture in this paper. It would be certainly desirable to find more supports to establish the conjecture. One way is to calculate the index function with very careful treatment of instanton computation from the 5d point of view and show that the global symmetry is enhanced to SO(4N +16) [57] .
A similar calculation has been done for the SU (2) case with E 8 global symmetry [4, 36] .
As done in [50] , it is possible to compute the partition function applying the topological vertex method to the Tao diagram [57] . Another way is to start from the 6d point of view. With the introduction of the Sp(N ) Wilson line, together with the contribution from the tensor multiplet, the elliptic genus calculation of instanton strings may lead to the 5d SU (N + 2) gauge symmetry in the Coulomb phase [57] . Our observation for the relation between the 6d and 5d supersymmetric theories may lead to further examples and insights.
Note added: We here note that our results have some overlap with [58] , which appeared in arXiv on the same day. 2 From 6d to 5d
In this section, we justify our main conjecture from two different routes. with N f = 2N + 8 flavors and a tensor multiplet. In fact, the same 6d theory can be also realized by another brane set up in type IIA string theory depicted in the middle diagram in Figure 1 . In this case, we have again 2N D6-branes 4 suspended between NS5-brane and its mirror image through O8 − . However, in order to realize the Sp(N ) gauge group and also flavors, we introduce 2N + 8 D8-branes on top of an O8 − -plane [51, 52] . Then, 4 The 2N includes the mirror image of D6-branes .
we again obtain the 6d Sp(N ) gauge theory with N f = 2N + 8 flavors and a tensor multiplet coupled. The quiver diagram (without a tensor multiplet) of the 6d theory is depicted in the rightmost diagram in Figure 1 . This type IIA brane set up is the starting point in section 2.1.
In section 2.2, we use a different route. We first reduce the 6d (D N +4 , D N +4 ) minimal conformal matter on S 1 with the Wilson line along it, and go to the 5d affineD N +4 quiver theory. We propose a (p, q) 5-brane web diagram which realizes the 5d affineD N +4 quiver theory, and the IIB brane set up is the starting point in section 2.2.
Evidence 1: O-plane description
We now explain the main conjecture by using the brane description depicted in the middle diagram in Figure 1 . As discussed before, this 6d Sp(N ) theory is known to have the type IIA brane description with N D6 branes suspended between two NS5-branes, with the insertion of 2N + 8 D8 branes and one O8 − -plane [51, 52] . We compactify one of the direction parallel to all these branes with the Wilson loop. Taking T-dual along this compactified direction, we obtain the type IIB brane setup with N D5 branes, two NS5
branes, 2N + 8 D7 branes and two O7 − -planes. Due to the Wilson loop, the N D5 branes appear away from both of the two O7 − -planes, breaking Sp(N ) gauge group to U (N ).
We note that quantum resolution of O7 − -plane is given by the pair of [1, 1] 7-brane and [1, −1] 7-brane [59] . When we apply this property to the two O7 − -planes in this brane setup, we assume that a "5-brane loop" [27] appears, where the original two NSbranes being part of this 5-brane loop and all the 7-branes are inside the 5-brane loop.
The Sp(1) case is depicted in Figure 2 . Note that the 5-brane charge between the cut created by the [1, 1] 7-brane and the [1, −1] 7-brane should be (1, 0), implying that, as a consequence, two more color D5-branes are generated in this process 5 . Therefore, we obtain N + 2 D5-branes in total. When we pull out the 7-branes outside the 5-brane loop by taking into account the Hanany-Witten transition [60] , we obtain the (p, q) 5-brane web, Figure 3 , where the uppermost and lowermost D5 branes are created. In this diagram, we can explicitly see that there are N + 2 color D5-branes indicating the 5 An analogous process is discussed, for example, in [27] relating the type IIA brane setup with an O8-plane for the 5d Sp(1) gauge theory to the type IIB (p, q) brane web description. Contrary to our case, two D5-branes become a part of the 5-brane loop and two more NS5-branes are generated. SU (N + 2) gauge symmetry. Therefore, we expect that the gauge symmetry is enhanced from U (N ) to SU (N + 2).
In our case, replacing the two O7 − -planes by two pairs of [1, 1] and [1, −1] 7-branes has another important aspect. Before this replacement, two O7 − -planes are located at two places in the compactified circle such that the distance between two O7 − -planes is the half circumference of the circle. With the replacement, we are changing the picture so that we look at the theory from the purely 5d point of view. Hence, the notion of the compactified direction is transmuted into the gauge coupling of the theory. We can see that the radius of the compactified circle is now inherited by the the inverse gauge coupling in the (p, q) 5-brane web diagram, which is identified as the average of the asymptotic distances between (1, 1) 5-brane and (1, −1) 5-brane measured at the center of mass position of N + 2 color D5-branes by extrapolating them as in Figure 3 (up to a numerical factor depending on the convention). Therefore, we expect that the KK mode of the original 6d theory compactified on S 1 is reinterpreted as the instanton contribution in the 5d theory. which gives rise to two asymptotic distances between P 1 and P 2 , and between P 3 and P 4 . The inverse gauge coupling is then given by the average of these two distances.
Evidence 2:D-type Dynkin quiver
It is also possible to justify our conjecture from a different route. The 6d (D N +4 , D N +4 ) minimal conformal matter is realized on a single M5-brane at the orbifold singularity of Let us comment on the meaning of the "SU (1)" gauge groups. In fact a set of a bi-fundamental hypermultiplet of SU (2) × SU (1) and an "SU (1)" gauge instanton is equivalent to two fundamental hypermultiplets which are coupled to the SU (2) gauge 6 However, we will see that there is an enhancement of the global symmetry. Figure 4 : The quiver diagram of the affineD 5 quiver theory. group. This has been confirmed in various examples at least at the level of the 5d partition functions in [31, 32, 40, 61] . Hence, the 5d affineD N +4 quiver theory may be equivalent to a 5d SU (2) N +1 linear quiver gauge theory with four fundamental hypermultiplets are coupled to the two SU (2) gauge group at the left and right ends, respectively. However, in the following discussion, we keep the convention of "SU (1)" gauge group.
We propose that this 5d affineD N +4 quiver theory can be also realized by a web diagram of (p, q) 5-branes in type IIB string theory. The web diagram that we propose in the case with N = 1 is depicted in Figure 5 . In this web diagram, the two connected closed faces in the middle of the web give SU (2) × SU (2) gauge theory which is coupled by a bi-fundamental hypermultiplet. For the sake of the later computation, let the gauge group from the left loop be SU (2) I and the gauge group from the right loop be SU (2) II . Furthermore, we have four "SU (1)" gauge groups corresponding to four horizontal internal lines with lengths ∆ 1 ,∆ 4 , ∆ 5 and∆ 8 in Figure 5 . Each "SU(1)" is coupled to either of the two SU (2) gauge groups by a bi-fundamental hypermultiplet. We will denote the four "SU (1)" gauge groups coming from the horizontal lines with lengths ∆ 4 , ∆ 5 , ∆ 1 and∆ 8 by SU (1) I , SU (1) II , SU (1) III and SU (1) IV respectively. Therefore, we claim that the web diagram in Figure 5 exactly yields the affineD 5 Dynkin quiver theory in Figure 4 . It is straightforward to write down a web diagram for general N .
Namely, we put more closed faces along the horizontal directions.
One can give a completely different view by the S-duality rotating the web diagram by 90 degrees. After the S-duality, the web diagram which originally yielded the affinê D N +4 quiver theory becomes the web diagram which realizes the SU (N +2) gauge theory with 2N +8 fundamental hypermultiplets. For the N = 1 case, one can easily see that the web diagram in Figure 5 is nothing but the web diagram in Figure 3 after the S-duality.
Therefore, we again obtain the SU (N + 2) gauge theory with 2N + 8 flavors from the S 1 compactification of the six-dimensional theory on a single M5-brane at the origin of
From this point of view of the affineD N +4 Dynkin quiver theory, one can further give a quantitative support for our conjecture. For simplicity, let us focus on the case with N = 1. Since the S 1 compactification gives the 5d affineD 5 quiver theory, an appropriate product of the instanton fugacities of the quiver theory is expected to be equal to the fugacity for the KK U (1) symmetry. The exponents of the instanton fugacity of a gauge node are the comarks. The exponent for instanton fugacity associated to the extended node is 1, for instance. More specifically, the following relation should hold for the affinê
where q G is the instanton fugacity for a gauge group G, and ∆ is the fugacity for the KK U (1) symmetry. In the following, we discuss that the relation (2.1) is indeed satisfied from the web diagram in Figure 5 .
The instanton fugacity of each gauge group can be easily inferred from the web diagram. Namely it is given by an exponential of the average of the sum of the asymptotic distances between two NS5-branes extending in the upper and the lower part of diagram Figure 6 : Left: the web diagram which gives an "SU(1)" gauge theory. Right: another equivalent web diagram which is given by moving the 7-brane in the left figure. This figure makes it easy to identify the instanton fugacity for the "SU (1)".
(see for example [62] ). Hence, the instanton fugacities for the two SU (2) gauge groups
The instanton fugacities of the "SU(1)" gauge groups can be understood in a similar way.
Let us consider the diagram in Figure 6 . The identification of the instanton fugacity of the "SU (1)" gauge group is less obvious in the left diagram in Figure 6 . However, one can move the 7-brane, and after the Hanany-Witten transition one arrives at the diagram on the right hand side of Figure 6 which gives an equivalent theory. From the diagram on the right, it is then easy to identify the asymptotic distances between two NS5 branes:
the upper and lower distances are Q 1 and Q 1 Q 2 2 Q 3 , respectively. The instanton fugacity is thus given by
One can apply the rule (2.3) to the instanton fugacity of each of the four "SU (1)" gauge groups in Figure 5 , and the result is
To relate them with the KK U (1) fugacity ∆, one needs to move to the Tao diagram from Figure 5 by using a sequence of Hanany-Witten transition and moving out all the 7-branes to infinity as discussed in [50] . For example, from Figure 5 , one can perform a flop transition associated with Q dot) and three [0, 1] 7-branes (dark yellow dots) as in Figure 7 . After choosing proper branch cuts as in Figure 8 , one takes all the 7-branes to infinity to obtain a Tao diagram depicted in Figure 9 . In this web diagram description, the fugacity ∆ is given by the period of the spiral diagram [50] . The period of the Tao diagram in Figure 9 is simply given by
(2.5)
From Figure 9 , it is also possible to identify ∆ 4 , ∆ 8 by the parameters in Figure 5 , and the result is Using (2.2), (2.4) and (2.6), one can rewrite the left hand side of (2.1) as
which is exactly equal to ∆ due to (2.5). Hence, the relation (2.1) indeed holds for the affineD 5 Dynkin web diagram in Figure 5 . The same argument in fact holds for the SU (3) gauge theory with 10 flavors. The generalization of the computation to general N is also straightforward.
Global symmetry of SU (n) gauge theories
The classification of the UV complete 5d SU (n) theories 7 with n > 2 and N f fundamental hypermultiplets has been done in [63] which states that 5d UV fixed point exists for N f ≤ 2n. On the other hand, it was conjectured in [40] that the 5d UV fixed point exists for N f < 2n + 4, and
7 Throughout this section, instead of SU (N + 2) gauge theories used in the previous section, we use SU (n) for denoting the 5d gauge group for simplicity. To relate to Section 2, one can take n = N + 2. where κ is the Chern-Simons (CS) level. For n = 3, the (p, q) 5-brane web for N f ≤ 6 is straightforward. The web diagrams for N f = 7 with κ = and N f = 8 with κ = 0 are given in [40] . Here we strengthen this conjecture by finding the additional diagrams for N f = 9 with κ = and N f = 8 with κ = 1 in Figure 10 .
The insight of [50] is that one can extend the class of the web diagrams by including Tao diagrams where 5-branes has an infinitely expanding spiral configuration, and the corresponding 5d theories are expected to be UV complete and have a 6d fixed point.
From this point of view, our conjecture is that the UV fixed point of the 5d SU (n) gauge theory which satisfies the bound N f = 2n + 4 exists due to the existence of the corresponding Tao diagram 8 , and this UV SCFT is precisely the 6d (D n+2 , D n+2 ) minimal conformal matter. This is essentially a generalization of the claim for the known n = 2 case.
In the n = 2 case, the global symmetry is enhanced either at the 5d fixed point or the 6d fixed point depending on the UV completion. In this section, we scrutinize the global symmetry enhancement for 5d SU (n) gauge theory with n > 2 and 2n ≤ N f ≤ 2n + 4 flavors together with the CS level κ subject to (3.1) We also list up the non-abelian part of the global symmetries of all the possible SU (3) gauge theories with flavors and various 8 For example, the Tao diagram of n = 3 is given by Figure 9 .
vectors z i = [p i , q i ], the changes in the charge of one 7-brane due to crossing the branch cut of the adjoining 7-brane are given by
where z 1 ∧ z 2 = p 1 q 2 − p 2 q 1 . As we will see below, a 5-brane web can be recast into 
the (enhanced) global symmetry can be read off from the Kodaira classification flavors is given in Figure 11 . In order to read off the global symmetry, we pull in all the 7-branes either inside the uppermost 5-brane loop or the lowermost the 5-brane loop.
We will describe the 7-brane configuration as "(lower | upper)". The configuration of 7-branes for the SU (n) gauge theories with N f = 2n + 4 is then, by listing 7-branes counterclockwise from the left n D7-branes, given by 
where U (1) I is symmetry of instanton particle coming from S 1 compactification. Table 1 : The non-abelian part of the enhanced global symmetries G |κ| of 5d SU (n) κ gauge theories with N f ≥ 2n at UV fixed point.
We then decouple one flavor and consider an SU (n) gauge theory with N f = 2n + 3 and
. An example of the 5-brane web diagram for SU (3) gauge theory with N f = 9 flavors is given in Figure 12 which can be understood as the mass decoupling limit where the position of one of flavor D5-branes is taken to infinity. As can be read off from Figure 12 , it has the CS level κ = − . The web diagram is now no longer a Tao diagram and it is a usual web diagram of (p, q) 5-branes. Hence, we expect that its UV completion is a 5d SCFT and it has an enhancement of the global symmetry at the fixed point. The global symmetry of the SU (n) gauge theory with N f = 2n + 3 and κ = − 9 SO(20)1 case also gives rise to the same enhanced global symmetry. As the CS level for 5d theories is subjected to (3.1), the allowed CS levels for N f = 2n + 3 flavors are only κ = ± . For less flavors, more CS levels are allowed and the corresponding global symmetry may have different enhanced global symmetry depending on the CS level.
SU (n) κ , 2n ≤ N f ≤ 2n + 2 theory Using 7-brane monodromies, it is straightforward to generalize to SU (n) gauge theories with 2n ≤ N f ≤ 2n + 2 and the CS level which satisfies (3.1) by decoupling the flavors one by one. The resulting theories are supposed to have the 5d UV fixed point. It is convenient to label the corresponding global symmetries by the CS level |κ|, like G |κ| , and the enhanced global symmetries G |κ| of the theories are summarized in Table 1 .
We also included the cases with N f = 2n + 3, 2n + 4 for completeness. In the Table   1 , we only wrote the non-abelian part of the enhanced global symmetries. The abelian part can be easily reproduced since the total number of the rank of the global symmetry should be N f + 1, which corresponds to the number of the parameters of the theory.
The theories exhaust all the possibilities with N f ≥ 2n which satisfy (3.1), and all the theories show the enhancement of the global symmetries.
It is straightforward to check the global symmetry of SU (n) κ theory for lower flavors, and there are various global symmetries depending on the CS level κ at a given number flavor. It is worth of noting that for N f = 0, 1 cases, however, not all CS level lead to non-abelian global symmetry; it appears only for the following CS levels (denoted in the subscript):
N f = 0 : SU (2) n , N f = 1 : SU (2) n− As a concrete example of the enhanced global symmetries for a given SU (n) gauge theory, we pick n = 3 and list all the global symmetries of 5d SU (3) gauge theory of all the allowed flavors and the CS level κ which has the UV completion in Table 2 .
We wrote down only the non-abelian part in Table 2 . There is again an abelian part such that the total rank of the global symmetry is N f + 1. Bergman et. al. have found a considerable part of the list of the enhanced global symmetry [34, 40] . Here we enclose all for the completeness. Our results for N f = 10, 9 and a few higher Chern-Simons level cases seem new.
